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In this paper we onsider general relativity and its ombination with salar quantum eletrody-
namis (QED) as an eetive quantum eld theory at energies well below the Plank sale. This
enables us to ompute the one-loop quantum orretions to the Newton and Coulomb potential
indued by the ombination of graviton and photon utuations. We derive the relevant Feynman
rules and ompute the nonanalytial ontributions to the one-loop sattering matrix for harged
salars in the nonrelativisti limit. In partiular, we derive the post-Newtonian orretions of order
Gm/2r from general relativity and the genuine quantum orretions of order G~/3r2.
I. INTRODUCTION
At the lassial level the interation between two
harged massive partiles is desribed by Newton's and
Coulomb's law, in terms of the nonrelativisti potential








This potential will be modied by relativisti and quan-
tum orretions. Radiative orretions to the Coulomb
potential an be systematially alulated within QED.
However, it is well known that general relativity, inlud-
ing salar [1, 2, 3℄, fermion or photon elds [4, 5, 6℄ is
not renormalizable. Still, on smooth-enough bakground
spae-time the gravitational eld an be quantized onsis-
tently [1, 2℄, and as suggested by Donoghue [7, 8℄, one an
onsider general relativity as an eetive quantum eld
theory in the low-energy limit where renormalizability is
no longer an issue.
Within this framework, the one-loop orretions to quan-
tum gravity oupled to a salar Klein-Gordon eld
have already been disussed by independent groups, e.g.
Donoghue [7, 8, 9℄, Hamber and Liu [10℄, Akhundov et
al. [11, 12℄, and Bjerrum-Bohr et al. [13, 14, 15℄, with
diering results. The generalization to salar QED has
been rst disussed by Bjerrum-Bohr [14℄. Butt [16℄ has
also treated the ase of harged fermions.
In this paper, we are going to reonsider the results for
the ase of salar QED oupled to gravity (SQED), in
order to perform and independent hek of the above re-
sults and to resolve the disrepanies between [7, 8, 9℄,
[10℄, [11, 12℄ and [13, 14, 15℄. To this end, we disuss
in Se. II how to quantize general relativity/SQED with
the bakground eld method. In the next setion we re-
view how ultraviolet divergenes from one-loop diagrams
∗
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an be absorbed into higher-dimensional operators in the
eetive theory. The denition of the sattering matrix
and of the potential for (harged or neutral) salar parti-
les is given in Se. IV. In Se. V we perform the alu-
lations of the relevant Feynman diagrams and onstrut
the sattering potentials at one loop. We ompare our
results with [7, 8, 11, 12, 13℄ and [14℄, before we onlude
with a short summary. The Feynman rules, one-loop in-
tegrals, and details of the Fourier transformations are
presented in the Appendies A, B and C.
II. QUANTIZATION OF GENERAL
RELATIVITY AND SCALAR QED









where κ2 = 32πG is the gravitational oupling, gµν is
the metri tensor with its determinant g = detgµν , and
R = gµνRµν is the urvature salar. In the follow-
ing we use the same onvention as Refs. [7, 8, 9, 11,
12, 13, 14, 15, 16℄, with the Minkowski metri ηµν =
diag(+1,−1,−1,−1) and ~ =  = 1.
Additional elds an be inluded by adding a ovariant
term

















∗ −m2 |φ|2) . (4)
2A. Bakground Field Method
Following Veltman and 't Hooft [1, 2℄ we an expand the
gravitational eld gµν into the lassial bakground eld
g¯µν and a small quantum utuation κhµν :
gµν = g¯µν + κhµν ,
gµν = g¯µν − κhµν + κ2 hµλ hλν .
(5)


















































D¯αhµν D¯αhµν − 1
2
D¯αh D¯αh
















Here the urvature salar R¯ and the ovariant derivative
D¯α are evaluated from the bakground metri g¯µν .
In order to quantize gravity we have to x the gauge and
introdue a Faddeev-Popov ghost eld. From [1℄ we take




















√−g¯ η∗µ[D¯λD¯λ gµν − R¯µν] ην , (10)
with ην being the omplex Faddeev-Popov ghost eld.
From this Lagrangian one derives the graviton propaga-
tor as quoted in Appendix A.
B. Combining Salar QED and General Relativity
















with the photon eld strength Fµν = DµAν−DνAµ, and
the QED ovariant derivative Dµ = ∂µ − ieqAµ(x), and
eq being the harge of the salar partile. In order to get
the relevant Feynman rules at one-loop order, we have
to expand the Lagrangian L
SQED
to rst order in the
quantum eld h. Using Eqs. (5), (7) and working with










































− κhµν[∂µφ∗(ieqAν)φ+ (ieqAµ)φ∗∂νφ] (14)
The Feynman rules for interation verties between pho-
tons, omplex salars and gravitons an be derived from
(13) and (14), [14℄, and are presented in Appendix A.
III. GENERAL RELATIVITY AND SCALAR
QED AS AN EFFECTIVE FIELD THEORY
The treatment of general relativity as a quantum the-
ory has been disussed in several publiations, e.g. [1,
17, 18, 19, 20, 21, 22℄. The standard formalism would
start from the ation (2) and onsider the metri as the
gravitational eld whih has to be quantized in the usual
way. However, suh a theory is not self-ontained, sine
at eah order in perturbation theory loop diagrams gener-
ate new terms whih are not present in the original ation
[1, 2, 3, 23℄. Beause of this renormalization problem, a
onsistent denition of general relativity as a fundamen-
tal quantum theory is unknown so far [11℄.
As mentioned above, the problem an be solved by on-
sidering general relativity as an eetive quantum eld
theory at low energies [7, 8, 9℄. In this ase, the ee-
tive Lagrangian for pure gravity (without a osmologial









2 + a2RµνRµν + . . .
}
. (15)
Here, the oeients a1 and a2 are energy sale depen-
dent oupling onstants in the eetive theory whih 
3in priniple  ould be determined by an experimental
measurement. The ellipses denote higher-derivative ou-
plings whih are even more suppressed at low energies.
Similarly, as shown in [14℄ general relativity and salar
QED an be desribed in the eetive-theory framework
as well. The 1-loop singularities from graviton and pho-








µν + c2RµνT µν + . . .
}
, (16)
where Tµν = FµαFαν − 14gµνFαβFαβ is the Maxwell
stress tensor [4, 5, 14℄. For the matter Lagrangian de-









2|φ|2 + . . .
}
(17)
An expliit disussion of the oeients a1, a2, c1, c2, d1,
d2 and d3, an be found in [7, 8, 9, 13℄ and [14℄.
IV. SCATTERING MATRIX AND POTENTIAL
Aording to [7, 8, 9, 13, 14℄, the sattering amplitude
for two massive, harged salar partiles as a funtion of




A+Bq2 + · · ·+ (α1κ2 + α2e2) 1
q2
+ β1e




where the oeients A,B, . . . and αi, βi depend on the
partile masses mi and harges ei/e. The terms with
A,B, . . . in this equation are analytial in q2 and orre-
spond to loal interations. They are relevant for large
momentum transfer and are also related to the UV renor-
malization of the theory, but will not be of further inter-
est in this work. Rather, we onentrate on the nonana-
lytial terms, parametrized by the oeients αi and βi,
whih will indue the nonloal, long-ranged interations
desribed by the nonrelativisti potential. The nonana-
lytial parts in the sattering-matrix also ensure unitarity
[7, 8, 9, 13, 14℄.
The nonrelativisti potential will be alulated from the
sattering amplitude via the spatial Fourier transform
[7, 8, 9, 10, 13, 14℄







ei~q·~r M(~q) . (19)
The non-analytial terms in M orrespond to an expan-
sion in powers of
1
r
for V (r). For alternative denitions










FIG. 1: The two tree diagrams.
V. RESULTS FOR THE FEYNMAN DIAGRAMS
In the following setion we disuss the alulation of the
various Feynman diagrams and their ontribution to the
sattering amplitude. At the end of this setion, we sum-
marize the one-loop result for the nonrelativisti poten-
tial whih represents the main result of this paper. Part
of the alulation for the Feynman diagrams has been




©[32℄ for tensor alulus. The Fourier
transformations, neessary to obtain the potential in o-
ordinate spae, are listed in Appendix C.
A. Tree Diagrams
The tree diagrams ontributing to the sattering ampli-
tude are shown in Fig. 1. The (inoming/outgoing) mo-
menta for the rst partile are denoted as (k/k′) with the
(mass/harge) being (m1/e1), and for the seond partile
as (p/p′) and (m2/e2), respetively. They have the form













′, e2) . (21)
where the quantities τi and Pµναβ are given in Ap-














There are two lasses of vertex orretions, involving







FIG. 2: Vertex orretions from purely gravitational eets.
(a) and (b) ontain the φ2 h oupling. () and (d) the φ2 h2
oupling.





















(ℓ − p)2 −m22
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Again, the various funtions τi an be found in the Ap-
pendix. Contrating the Lorentz indies and performing
the loop integration, we nd
iM
2(a+b)(q) =















2 log(−q2) . (29)


















Inluding eletromagneti interations in SQED we ob-
tain additional vertex orretions, shown in Figs. 3, 4.
The results for the sattering amplitudes from the dia-

































(m1, e1) (m2, e2)
(a) (b)
() (d)
FIG. 3: Vertex orretions involving gravitational and ele-








FIG. 4: Vertex orretions involving gravitational and ele-
tromagneti interations (photon 1-partile reduible).
























Note, that the diagrams Figs. 3() and (d) are assoi-
ated with a symmetry fator 1/2. Further details of the
omputation an be found in Appendix D.
Similarly, the diagrams in Fig. 4 yield
iM










The triangle diagrams in Fig. 5 arise from purely gravi-
tational interations. From the expressions in Appendix
D we ompute
iM



































FIG. 6: Triangle diagrams with gravitational and eletromag-
neti interations.












The additional triangle diagrams in SQED are shown in

























FIG. 7: Box and rossed box diagrams from purely gravita-
tional interations.
D. Box and Crossed Box Diagrams
The ontributions of the box and rossed box diagrams











· ταβ1 (p, p− ℓ,m2)
[
i
(ℓ − p)2 −m22
]






















· ταβ1 (ℓ+ p′, p′,m2)
[
i
(ℓ + p′)2 −m22
]





· τρσ1 (k + ℓ, k′,m1)
[
i
(ℓ + k)2 −m21
]
. (42)
Again, we are only interested in the nonanalyti terms,
and one may exploit some simpliations whih redue




(q) = −64 i G2m21m22 log(−q2) . (43)







2 log(−q2) . (44)








Similarly, inluding eletromagneti interations, the













FIG. 8: Box and rossed box diagrams with gravitational and
eletromagneti interations.



















The alulation of the irular diagrams in Fig. 9 is
straightforward. We nd the nonanalyti ontributions
to the sattering amplitude
iM













(m1, e1) (m2, e2)
(b)
FIG. 9: Cirular diagrams: (a) purely gravitational; (b) grav-

















FIG. 10: The set of vauum polarization diagrams whih on-
tribute to the potential.












F. Vauum Polarization Diagram
Treating general relativity as an eetive eld theory,
we have to deal with the vauum polarization diagrams
Fig. 10(a)(d) as well. The graviton self-energy is ob-
tained from the subdiagrams in Fig. 10(a-b). Its ontri-
bution to the eetive Lagrangian has been worked out












































Inserting this into the sattering amplitudes in





















2 log(−q2) , (55)








Furthermore we have to treat the salar and photon on-
tribution to the graviton self-energy in Figs. 10() and
10(d), respetively. The ontribution of massive salar
partiles only ontains analytial terms and is therefore
irrelevant for the alulation of the nonrelativisti poten-
tial. If we haveN additional massless (unharged) salars





































2 log(−q2) , (58)













































2 log(−q2) , (61)
8k p
k′ p′
(m1, e1) (m2, e2)










The photon self-energy in SQED only reeives a one-
loop ontribution from the mixed vauum polarization

























We note that the one-loop diagrams in Fig. 12 only on-
tribute analytial terms to the sattering amplitude and
thus do not ontribute to the nonrelativisti potential,
see also [7, 14℄.
G. Final result for the nonrelativisti potential
In this paragraph we are going to summarize the main
result of our paper: the nonrelativisti potential whih is
obtained from ombining the ontributions of the various
diagrams disussed above. Let us rst onentrate on the


















Here, we have restored the dependene on c and ~ to
distinguish the eets from general relativity and quan-
tum orretions. We reall that N denotes the number
of massless (unharged) salars, e.g., salar neutrinos.
When omparing our result (66) with [13℄, we have to
take into aount that in [13℄ the quantum orretions to
the graviton propagator from massless salar and photon
(a)
(b) ()
FIG. 12: The set of diagrams whih only give analytial on-
tributions to the sattering amplitude.
loops have not been onsidered. Apart from this, we fully
agree with [13℄. The disrepanies between [13, 27℄ and
the original alulations in [7, 8, 9℄ and the results of [12℄
have already been disussed, and we thus onrm the
onlusions of [13℄. Conerning the ontributions from
massless salars to the polarization tensor in (57), we
disagree with a previous alulation in [10℄. The photon
ontribution in (60) oinides with the result in [28℄.















































Here we have introdued α˜ = ~/137 and the harges e1
and e2 are normalized in units of the elementary harge.
Again, our result for the potential (67) is in agreement
with [14, 29℄. [A alulational error in the expression
for the box diagrams (47) quoted in a previous preprint
version of this paper [30℄ has been orreted.℄
VI. SUMMARY
We have alulated the one-loop orretions to the New-
tonian and Coulomb potential for massive and eletrially
harged salar partiles, treating general relativity as an
eetive quantum eld theory. The nonrelativisti poten-
tial is obtained from the sattering amplitude by onsid-
ering the nonanalyti terms in the momentum transfer
q2. After Fourier transformation, we identify relativis-
ti orretions of order Gm/2r and genuine quantum
orretions of order G~/3r2. Our results for the lead-
ing quantum orretions to the Newtonian and Coulomb
laws are in agreement with [13℄ and [14, 29℄. Conerning
the quantum orretions to the graviton propagator, we
reprodued the ontribution from the photon loop in [28℄,
but dier for the ase of massless salar loops in [10℄.
It is straight forward to generalize the eetive-theory
formalism to, for instane, the ase of massive harged
spin-
1
2 fermions whih has been disussed in [15, 16℄.
In this way one ould unambiguously predit the
9quantum-gravitational orretions to low-energy observ-
ables within the Standard Model. However, one has to
be aware that the size of the alulated orretions is  of
ourse  extremely small, G~/3r2 = 2.6 · 10−40 fm2/r2,
and it will thus be pratially impossible to verify the
theoretial results by experimental measurements in the
foreseeable future [9℄.
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APPENDIX A: FEYNMAN RULES
1. Propagators




q2 −m2 + iǫ .






In harmoni gauge the graviton propagator has been dis-
ussed in [1, 7℄. An expliit derivation an be found in








ηµαηνβ + ηµβηνα − ηµνηαβ) .
2. Verties












pµp′ ν + pνp′µ − ηµν[(p · p′)−m2]}




γ = τγ2 (p, p
′, e)






































































pµp′ ν + pνp′µ
)− (ηµδp′ γpν + ηνδp′ γpµ
+ ηνγp′µpδ + ηµγp′ νpδ
)]}
.





= τγδ5 (p, p
′, e) = 2 i e2 ηγδ .
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′, e) = i e κ
[Pµναγ(p+ p′)α] .
Using the bakground eld method the 3-graviton vertex






























αβ − 1 µσαβ 1 νλγδ











































































− (1 µνγδ ηαβ k2 − 1 µναβ ηγδ (k − q)2)
}}
.
APPENDIX B: BASIC INTEGRALS



































































































+ . . . (B5)
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ℓ2(ℓ+ q)2[(ℓ+ k)2 −m2] =
i
32π2m2






























































































































































+ . . . (B9)
where L = log(−q2) and S = π2m√
−q2
, and the external momenta satisfy k2 = m2 and k · q = q2/2. Here, we have only
quoted the leading nonanalytial terms. The ellipses denote higher order nonanalytial ontributions and analytial
terms. We have heked these integrals independently by expliit (manual) alulation and using Mathematia.
1. Redutions of the Four-Point Integrals
































+ . . . . (B11)
In these equations w = (k · p)−m1m2 and W = (k · p′)−m1m2, whih satisfy W − w = k · (p′ − p) = (k · q) = q2/2,
[14, 16℄.
For on-shell salar partiles one has the following identities:
ℓ · q = 1
2
[




]− ℓ2} and ℓ · p = −1
2
{[
(ℓ − p)2 −m22
]− ℓ2} (B12)
Sine the terms with (ℓ+ q)2 and ℓ2 do not ontribute to nonanalytial terms [7, 8, 11, 12, 13, 14, 16℄, we obtain for
12












(ℓ + q)2 − q2 − ℓ2
























[(ℓ+ k)2 −m21]− ℓ2






















[(ℓ− p)2 −m22]− ℓ2











The four-point funtions an thus be redued to three- or two-point funtions, whih simplies the alulation signif-
iantly [13, 14, 16℄.
2. Constraints for the Nonanalytial Terms











































APPENDIX C: FOURIER TRANSFORMATIONS























ei~q·~r log(~q 2) = − 1
2π r3
. (C3)
APPENDIX D: FORMAL EXPRESSIONS
Here we ollet the formal expressions for the sattering amplitudes, following from applying the Feynman rules given
above to the various diagrams. We only quote those results whih have not already been given in the body of the
text:

















4 (ℓ, ℓ+ q) τ
γ



























































































































(ℓ + k)2 −m21
]
, (D6)
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